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The two-dimensional reaction diffusion equations for the spread of rabies in a logistically
growing fox population are solved numerically. The method, based upon Galerkin’s ap-
proach, uses space-time finite elements. The numerical model is shown, quantitatively, to
possess the essential features of earlier one and two-dimensional models and to reproduce the
values of field data accurately. A more realistic illustration of the use of the model, a study of

the spread of rabies over the Isle of Anglesey, is then discussed.

Introduction

It is thought that all mammals are susceptible to
rabies which is a directly transmitted viral infec-
tion of the central nervous system [1—4]. This in-
fectious disease has distressing and often hideous
clinical symptoms, and once these symptoms have
manifested themselves death is virtually certain
[5, 6].

In the major European epidemics recorded over
the past few centuries the dog has acted as the
main host and primary transmitter of the infection
to man [1, 5]. The present epidemic in Central
Europe originated in Poland in about 1939 and is
characterized by a high incidence of the red fox
Vulpes vulpes. In 1979 it was found that 70% of all
reported cases of animal rabies were in this species
[7]. The present epidemic of rabies has moved
steadily westwards across Europe at a rate of be-
tween 30—60 km per year. Its progress has been
temporarily slowed by unsuitable terrains such as
high mountains, wide rivers, lakes and autobahns,
but never stopped. In the wake of the leading epi-
demic transient there follow lesser pulses of the
disease giving rise eventually to an endemic state in
which a low level of rabies exists in a reduced total
fox population, with small periodic resurgences of
the disease every 3—4 years. Although other spe-
cies can be involved in the spread of rabies it is
thought that the main carrier in the present epi-
demic in Europe is the red fox. So here we will as-
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sume that the spread of the disease is intimately
linked into the ecology of the fox populations.

The wave front of the European epizootic has
reached Paris and is close to the northern ports of
France despite attempts to impede its progress by
the use of slaughter or vaccination policies. It now
seems inevitable that rabies will be introduced into
Britain by an imprudent traveller taking in an
infected animal.

It has been observed that the speed of spread of
rabies is more rapid the higher the fox density and
the higher the density of domestic pets the more
likely is the disease to be transmitted to them and
hence to man. The appearance of rabies will thus
pose a very serious problem in Britain since the
population densities of both urban foxes and
domestic pets, such as dogs and cats, are higher
than those in mainland Europe [8, 9].

Over the years, rabies has fascinated research
workers; consequently there have been many stud-
ies of the rabies problem [8—10] and more recently
numerical models for the spread of rabies have
been developed [11-17].

In previous papers [14—17] we have set up and
used numerical models based on finite difference
and finite element techniques to study the mecha-
nisms by which rabies spreads and have successful-
ly modelled the velocity of the infective pulse, the
endemic levels of infectives and susceptibles and
the period of the post epidemic recurrences.

In the present paper we set up a space-time finite
element solution over a rectangular area. Initially
we validate the model and seek to establish wheth-
er there are any significant differences between the
predictions of the earlier models and this 2D mod-
el either in the speed of the spread or in its charac-
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teristics. Finally a simulation of the spread of ra-
bies over a rectangular region, modelling the Isle
of Anglesey, is set up and discussed.

The Governing Differential Equations

Foxes are territorial animals. Their territories
divide the countryside up into non-overlapping re-
gions and healthy foxes tend to remain within their
own territories. Rabies is transmitted in saliva by
bite and the rate of increase of infective foxes is as-
sumed to be proportional to the number of con-
tacts between rabid and healthy foxes. Once rabid,
foxes never recover and so the death rate from ra-
bies is assumed proportional to the number of in-
fective foxes. As the infection is severely debilatat-
ing, and of short duration, it is assumed that in-
fected foxes do not contribute to the reproduction
process. Also, rabid foxes lose their sense of terri-
toriality and tend to disperse across the country-
side. These assumptions lead to the governing
equations for the fox-rabies problem
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where S(x,y,t) is the seasonally aver-

aged susceptible fox density, /(x,y,t) that for the
infectives, and a, ¢, r, d and S are positive biologi-
cal parameters.

The ¢/S term in each equation represents the ef-
fect of contacts between susceptible and infected
foxes and measures the decrease in susceptibles
and the consequent increase in infectives, ¢>0 is
the contact parameter. The term aS(S+ 1) in the
first equation and a/(S + I) in the second show the
effect of competition for resourses between each
class and the total population, >0 measures its
effectiveness. Increase of the population due to
births is allowed for by the term aS,S in the first
equation, where aS, is the birth rate and the de-
crease, through death from rabies, by the term r/
in the second equation; r >0 is the death rate. The
death rate of non rabid foxes is accounted for by a
modification of the birth rate. Finally, the diffu-
sion term in the second equation, where d is the
uniform, isotropic, constant diffusion coefficient,
represents the dispersal of infective foxes due to a
loss of a sense of territoriality engendered by the
disease.
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A normalization of these equations, based on
the biology of the problem, which effectively re-
duces the number of free parameters, has been pre-
viously described [14—16]. Those normalized, two
parameter, equations can, for the two dimensional
case, be written

%:S[b—(lnth)[—bS] (1)
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over the region 0<x<¢,, 0<y<¢, where

S(x,y,t) is the susceptible fox density and /(x,y,7)
the density of infectives. The population densities
are scaled to the carrying capacity of the region
(the number of foxes the habitat can support)
which is assumed uniform and constant.

In these simulations both time and distance are
scaled to condense the biological data into two
computational parameters r and b which reflect
the following assumptions.

1) The mean lifetime of an infected fox is 35 days
(30 days latent and 5 days infectious/rabid);

2) contacts between healthy fox families occur
on the average every 4 or 5 days but only contacts
made during the 5 days rabidity are potentially in-
fectious.

3) Not all contacts result in infection but rabidi-
ty increases activity and we have assumed that
effective contacts are approximately double the
number which would result from a direct applica-
tion of assumption 2.

4) The mean size of a fox territory is 5 km? cor-
responding to a fox density of I fox km™2; this is
believed to be reasonable in Continental Europe
although territory sizes vary from 2.5km’ to
16 km? depending on the availability of resources;
U K densities are thought to be somewhat higher.

5) Rabid symptoms result in loss of sense of ter-
ritoriality after about 30 days.

6) Diffusive spread is due to a combination of
loss of territoriality and seasonal migration of
latent dog foxes (incubating rabies).

We assume that there is zero flow through any
boundary and so take as boundary conditions

X 3)
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The Numerical Solution

Eqgns. (1) and (2) are obviously of different types
since (2) contains spatial derivatives which imply a
spatial dependence of the solution while Eqn. (1)
does not. We shall therefore use a different ap-
proach for the solution of each.

We apply Galerkins method [18] to Eqn. (1) for

i [45

Integrating with respect to 1, and ignoring second
order quantities, such as the products AS; Al
leads to the incremental equation
b-—(+bIL—-bS
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for the changes in S, where S, = S and [, = I are
the nodal values at tlme level t = nAt, so that the
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where the region of integrationis 0 < x = ¢x,0 <
y = ¢y, 0=t = At Integrating the terms involving
the second spatial derivatives by parts and apply-
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For the spatial rectangular element of sides Ax,
Ay, with nodes at its corners numbered anticlock-
wise, starting from the lower left hand corner, the
distribution of infectives /¢ and susceptibles S°¢
over the element is given in terms of the nodal
values Iz, S¥ by

4 4
= 2 N;(I§ + TAIf), S¢ = 2. N; (S§ + 1AS$),(10)
=1

j=1
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a finite element in time of length At using as weight
function W= 1 and

S=8+TAS, I=L+TALt=1,+ 1AL (5

where S; and /; are the nodal values and AS; and
AI are the changes in these values over the time
element Ar giving

—(S;+TAS)[b— (1 + b) (/] +tA1)—b(S+tAS)]] =0.

nodal values at time level + = (n + 1) At are given
by

S+l = §n + AS (7)
where S is the vector of all nodal values for the sus-
ceptibles.

Turning now to Eqn. (2) we apply a space-time
Galerkin approach [18]. With weight function W
the weak form of Eqn. (2) is

R
ax?  3)?

] dydxdr = 0 (8)

ing boundary conditions (3) and (4) we obtain the
reduced form
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where the shape functions N; are

=[(1=-8 (I-m), &d—m), &En, n(1 - 9] (1)
in terms of local coordinates &, n with 0=E=1,
0=n=1, and 7 is related to time through ¢ = ¢, +
TAtwith0=1t=1.

Thus if we identify the weight function W with a
shape function N, use Eqn. (10) and integrate with
respect to time we find that a single element’s con-
tribution to (9) is
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where

C = [} J§ N, N;d&dn Ax Ay

3N, 9N, Ay
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It is convenient to define two associated 4 x4
matrices by

A =7 Ly Tiand B5= T L% S§.
k k

These element matrices have been evaluated us-
ing the Computer Algebra package REDUCE [19]
and are given by

4212
. AxAy | 2421
Ci =36 1242 (14)
212 4
f 2-2-3 1]
. Ay |22 141
Dy =6ax |11 222 (13)
1-1-2 2]
2 1=1-=2]
. Ax | 122241
B T6ay |-12 21 (16)
21 1 2]
A5, =1 (9,3,13) I°
A, = A3, =X (33,1,1) I
Afy = A5 = A3, = 45 = M(L,L,1,1) I
A5y = A5, =1(G,1,1,3) I°
A3 = A(3.9.3,1) I°
A3 = A5 =A(1,33,1) I° (17)

A% = A (1,3,9,3) I
A5y = A=A (1,1,3.3) I°
A5, =1 (3,1,3,9) I°

AxAy
144
nodal values for the infectives. There are similar

where A = , and /¢ is the element vector of
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expressions for Bf with /¢ replaced by S¢ the ele-
ment vector of nodal values for the susceptibles.

After assembling the contributions from all ele-
ments we have

1 1
[A—tc 2

LC+bA+l(D+E)]A1:

(l—b)B+2 3

[(l—b)3+%(1 —b)AB—rC—bA-(D+E)]1
(18)

where 7 is the vector of all nodal values for the in-
fectives. In this equation C, D, E are constant ma-
trices which need only be assembled once during
the initiation process, while the matrices 4, B and
AB depend upon the instantaneous values of S¢
and /° and so must be reassembled for each time
step.

At time level 1 = nAt we identify /= "and S =
S" and determine the updated nodal values from

=7+ AL (19)

When we have prescribed the initial state of the
system I and S° the progress of the disease
through the fox population can be modelled by
successively applying Eqns. (6), (7) and (18), (19)
and monitoring the values of S” and /.

In the next sections we will first validate these
equations and subsequently use them to simulate
the spread of rabies over a rectangular region
which approximates quite well the Isle of Angle-
sey.

Validation Studies

In earlier simulations [14—17] which satisfacto-
rily reproduced field data on 4 measured quantities
namely, speed of the infected pulse (30—60 km/yr),
post epidemic susceptible minimum (~20%), en-
demic level (3—7%), and period of recurrence
when the disease has entered the endemic phase
(3—4 yrs), we chose the normalized birth and death
rates to have values » = 0.022 and r = 0.456. These
values were also used in the present work.

The simulation region used in the validation
studies, measuring 163 km x 3.26 km, is large
enough to exhibit all the salient features of the Eu-
ropean epidemic. It was mapped by a mesh of 200
square elements of side Ax = Ay = 1.0 with 100
elements in the y direction and 2 in the x direction
and the time step taken as Ar = 0.333. The scaling
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is such that distances in km = 1.63x or km =
1.63 y, time in years = 0.0437¢ so that velocity v in
km/yr = 37.29v; x, y, t and v are computational
quantities. We examined the progress of the dis-
ease through a region with uniform initial density
of susceptibles, at the carrying capacity of the
region assumed uniform and constant (1.0), when
introduced at all nodes along the end x = 0. This
boundary condition satisfactorily reproduces the
initial conditions used in the one-dimensional
studies in which the disease was introduced at one
end and its spread along the region monitored.
The actual quantity of initial infection used
(~10%) is unimportant as this governs only the
length of the transient period during which the in-
fective density at the initial site builds to a value of

315 1.0, and behind the last contour line the
density has fallen to 0.2.

~20%, while the susceptible density falls to a simi-
lar value. Thereafter the infective pulse where the
disease is raging, delimited by the contour lines in
Fig. 1, has width 40 km and a maximum magni-
tude of about 20%. The pulse travels across the re-
gion at a uniform speed of 51 km/yr eating into the
susceptible population which is drastically reduced
in density. On reaching the far end of the region
the infective pulse would be expected to reflect but
instead apparently disappears as the population of
susceptibles is then too small to sustain the epi-
demic. Of course, the disease has not disappeared,
but exists at a very low level throughout the entire
region. At much later times after the fox popula-
tion has regenerated itself to a level high enough to
again sustain an infection, and this happens firstly
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at the site of introduction from where further
smaller pulses of infection radiate along the region
causing dramatic falls in the size of the fox popula-
tion. The time history of the population states at a
single fixed sampling point are shown in Fig. 2.
These results are typical of sites lying within the
central field of the region.

We note that the infective pulse reaches this
sampling point, at time ¢ = 55, after ~165 time
steps. Simultaneously the susceptible density falls
rapidly to a minimum of ~20% and subsequently
the disease dies away rapidly and apparently dis-
appears from the neighbourhood of this sampling
point. The fox population then regenerates itself
and there are later outbreaks of the disease which
again reduce the population resulting in an oscilla-
tion on the population density at this point. At
later times the magnitude of these oscillations
gradually decreases until a stable state is reached
in which the disease is endemic at a very low but
constant level in a population that has a reduced
but constant density: this state has not been
reached in Fig. 2. Decaying amplitudes are a fea-
ture of recurrent epidemics in models of this type
[20].

In Fig. 3 we compare the times of arrival of the
infective pulses at two sampling points A and B
lying along the central line of the region a distance
60 Ax apart. We notice that the behaviour at each
point is similar, that at the farthest point B from
the initialization site being delayed over that at the
nearer site A by about 120 Ar. The velocity of the
pulse can be deduced from this figure. It is, how-
ever, more accurate to interrogate the computer
code directly when we find that the velocity is
51.3 km/yr.
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Fig. 2. Validation run. The evolution of the susceptible
(S) and infective (/) densities at the fixed sampling point
(B) in the centre of the region is shown. The graph of
infective density has density values x 3 for clarity of pre-
sentation. Az = 0.333.
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Fig. 3. Validation run. The state of infection (x 5), at
sampling points A and B a distance 60 elements apart
along the centre line of the region, is compared as a func-
tion of time. Az = 0.333, Ax = 1.0.

Table I. Characteristic parameters from the simulations compared with theoretical

and field data.

Simulations
Theory Field Finite Finite Hybrid Space
[14] data diff. 1D element Code time
[11] [14] ID[l6] 2DJ[17] 2D
Pulse speed [km/yr] 54 30-60 46 51 51 51
Post-epidemic
S yrininsony [%)] =15 20 19 18 18 20
B0EY o 2.3 3-7 24 2.3 23 24
a+s

Period [years] 3.8 3-4 38 4 3.8 3.9
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From the graphs given in Fig. 2 and 3 estimates
of all the characteristic quantities described earlier
can be made. The values deduced are listed in Ta-
ble I where they are compared with measurements
made in our earlier simulations [14—17], with theo-
retical predictions [14], and field observations of
the European epidemic [11]. The 1 D finite element
results quoted in Table I are from a much longer
simulation than that reported earlier [16] and con-
sequently the endemic levels are more accurately
described, and in fact reflect exactly the theoretical
result. All characteristic values measured in this
2D simulation are consistent with values pub-
lished earlier. We thus feel completely justified in
using the model to study the two-dimensional
spread of rabies as described in the next section.

Simultations

Off the North West coast of Wales lies the Isle
of Anglesey, connected to the mainland by two
bridges (the Menai and Britannia bridges) sited
very close to one another. Due to the shape and
orientation of the island it can be closely approxi-
mated within a rectangular region with parallel
sides running approximately NE, NW. The
bridges, mentioned above, and the Port of Holy-
head provide the most probable entry sites for a
rabies epidemic.

In these studies the rectangular simulation areca
was taken to be 30 x 32.5 km in size. This region
was divided into 12x 13 finite elements each
2.5 km square (see Fig. 4). The initial population
of foxes was taken as uniform throughout the is-
land (1 fox/km?) with birth and death rates of
b =0.022, r = 0.456, consistent with parameters
deduced earlier from European data on the epide-
miology of rabies [14, 15]. The computational pa-
rameters were dx = dy = 1.532, dr = 0.2. The is-
land is so small that the standard infective pulse,
width ~40 km, would completely cover it, and so
we cannot expect all the travelling wave features of
the disease, apparent in a larger region, to be man-
ifest. In the 2 cases studied here we have taken the
initial sites of infection to be either near the centre
of the lower side, which approximates to the posi-
tion of the bridges joining Anglesey to the North
Wales mainland, or near to the top left hand cor-
ner where the port of Holyhead is to be found. The
spread of the disease from these sites has been ex-
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Fig. 4. A map of Anglesey showing its division into
12 x 13 finite elements each 2.5 km square. Node num-
bers and sampling points are shown.

amined and the initial transient state and the state
in succeeding years evaluated. Sampling stations
are indicated on Fig. 4 M-Menai Bridge, L-Llan-
gefni, V-Valley, H-Holyhead, A-Amlwch, C-Car-
mel Head. Holyhead lies on a smaller island (Holy
island) connected to the main island of Anglesey
by a causeway and a bridge. This bottle neck will,
as we shall see, influence the behaviour of the epi-
demic in the region of Holyhead.

Case (i)

Rabies introduced via the Menai Bridge. Com-
putations show that the disease spreads rapidly
northwards in a roughly symmetric manner reach-
ing the north coast in about 8 months, contour
lines showing the density distribution of infected
and susceptible foxes at about 8.4 months into the
epidemic are given in Fig. 5. The maximum of the
infective pulse (~14%) reaches the northern shore
in 10 months and at that time the fox population
throughout the island has been reduced to a level
of between 30—50% of its original value, al-
though, because of access difficulties, the fox den-
sity around Holyhead has not fallen lower than
90%. The disease is endemic in the fox population
which is now, in the main, so sparse as to be unable
to sustain a vigorous epidemic.
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Fig. 5. Contour lines showing the density distribution (x 1000) of susceptible and infective fox population over Angle-
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If we examine the state of the fox populations at
a fixed site in the centre of the island, L — Llan-
gefni, we obtain the graphs of susceptible and
infective fox densities shown in Fig. 6.

Initially the susceptible density is 1.0; when the
disease reaches the sampling point the susceptible
density falls as the infected density increases.
When the infective density attains its maximum of
about 14%, the susceptible population has been
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Fig. 6. The time evolution of the susceptible and infec-
tive fox densities at the sampling station L-Llangefni. In-
fective density (/) is plotted x3 for clarity. Infection in-
troduced over the Menai Bridge.

reduced to about 60%. The susceptible population
is then too small to sustain the epidemic at this site
and as the susceptible density falls further to about
25% the infected density also falls away apparent-
ly to zero. The state of the disease over long peri-
ods is shown in Fig. 7. The recurrent phase of dis-
ease 1s evident and the period in the endemic state
with an endemic level of 1.9% can be calculated as
3.9 years. Since the island is so small, the standard
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via the Menai Bridge. Infective density (/) is plotted x3
for clarity.
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sized infective pulse does not develop, but most of
the features of the progress of the disease described
in the previous section are observed, albeit, at a re-
duced level. The fox population increases by natu-
ral growth until it reaches such a size as to be able
to maintain an epidemic once more, at which time
an infective pulse, smaller in magnitude than the
original one, arises at the initial site (the Menai
Bridge) and travels once more northwards across
the island. This process is repeated again and again
in following years.

At the other sampling stations similar behaviour
is observed with identical endemic periods, but
with final constant endemic levels of susceptibles
S.. and infectives /I, of differing magnitudes. We
find at M-Menai Bridge S, = 60%, 1. = 0.8%, at
L-Llangefni S, = 52%, 1, = 1%, at V-Valley S., =
69%, I, = 0.6%, at H-Holyhead S.. = 87%, I, =
0.3%, at A-Amlwch S, = 66%, I, = 0.7% while at
C-Carmel Head S, = 59%., 1., = 0.9%.

The anomalous values at H-Holyhead arise be-
cause of the difficult access for diseased animals.
In fact the variations between the sampling sta-
tions is probably caused by edge effects due to the
small size of the island and its irregular boundary.
Such non-uniformity was not observed with the
previous model [17] which made no attempt to
approximate the boundaries.

Susceptibles

kilometres

kilometres
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Case (ii)

Rabies introduced through Holyhead. Within
2 months the disease has leaked across the cause-
way and bridge linking Holy island to Anglesey
proper. Now the disease radiates across Anglesey
in a south easterly direction the wave front reach-
ing the south coast in about 9 months and the crest
of the pulse in about 14 months. Contours of pop-
ulation density about 8.4 months into the epidemic
for sampling station L-Langefni are given in Fig.
8. Eventually the fox population throughout the
Island is reduced to about 30%. In subsequent
years pulses of disease travel south eastwards from
Holyhead across the Island as the fox population
regenerates itself and is once more decimated by
the disease.

We have examined the state of the fox popula-
tion using the sampling stations previously de-
tailed. The time development of the epidemic at
L-Langefni is shown in Fig. 9. The graphs ob-
tained are very similar to those given previously
for L-Llangefni, Fig. 6, when the disease was
introduced at Menai Bridge.

In fact, in this second case the long term results
for all sampling stations present a more uniform
picture, apart from those for V-Valley and
H-Holyhead which are influenced considerably by
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Fig. 8. Contour lines showing the density distribution (x 1000) of susceptible and infective fox population over Angle-
sey about 8.4 months after the infection was introduced through the port of Holyhead.
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Fig. 9. The time evolution of the susceptible and infec-
tive fox densities at the sampling station L-Llangefni. In-
fection introduced through the port of Holyhead.
I curve plotted x 3 for clarity.

the narrowness of the connecting links between
Holy island and Anglesey proper.

Conclusions

The two-dimensional finite element method set
up and described in this paper has been validated
by comparing the results of simulations in a long
thin two-dimensional region with earlier mainly
one-dimensional results. The parameters we calcu-
late are in full agreement with theoretical and ex-
perimental results. We have therefore confidence
in using the method to study the spread of rabies in
fully two-dimensional regions.

Our aim has been to develop codes which can be
used with personal computers in the field in the
likely event of rabies introduction to the U.K. We
have chosen as a pilot study area, the Isle of Angle-
sey, a region adjacent to our University. We have
modelled the spread of rabies over this island, ap-
proximating it within a rectangular region. Due to
the shape of Anglesey this approximation is not
expected to have a significant influence on the
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overall picture but will have local consequences.
This island is so small that the results are consider-
ably influenced by boundary effects. Nonetheless,
most observations are fully consistent with expect-
ed disease characteristics. The computer code de-
scribed here will, in future, be used in large scale
simulations of irregular and inhomogeneous
regions.

For many years there has been interest in sto-
chastic models of the spatial spread of epidemics
(see, for example, Mollison [21, 22]) but since such
models are often intractable they have not been de-
veloped to any great extent and have been little
used in biology. In our study it is clear, from Fig. 2
for example, that infective fox densities in the im-
mediate aftermath of the initial epidemic pulse are
very small indeed; also in control studies extinc-
tion of infectives is the objective [14] and the study
of small densities is essential. If, deterministically,
in a single fox territory the infective density is very
small (corresponding to a tiny fraction of a fox) it
is logical to deem that extinction of infectives has
occurred in that territory; in other words densities
should be cut off at some level. However, in propa-
gation studies, as described in this paper, many
territories are chained together and a very small in-
fective density could represent a single rabid fox in
some territory (a source for a recurrent outbreak)
with rabies extinct almost everywhere; then it is
not obvious that small densities should be cut off.
Moreover, in situations such as exist in some Eng-
lish cities much higher fox densities than those
considered here are reported (see Harris [23]) and
rabies epidemics in these conditions may devastate
the entire fox population requiring study of small
susceptible densities also [24]. The case for a sto-
chastic study is therefore very strong. The present
authors have made preliminary studies of the
problem in relation to fox rabies [25, 26] and
expect, at a later date, to publish the results of a
detailed study.
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